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A Generalized Scaled Equation of State for n-Alkanes
(Methane to n-Nonane) in the Critical Region
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Received October 12, 1990

A generalized scaled equation of state has been developed to calculate thermo-
dynamic properties of n-alkanes from methane (CH,) to n-nonane (CyHy)
in the critical region. The equation is valid in the reduced density range
07<p. <13 at T=T_ and up to 1.27 at p=p,.

KEY WORDS: critical parameters; critical phenomena; equation of state;
methane, ethane; n-alkanes; specific heat; sound velocity.

1. INTRODUCTION

Interesting work on the improvement of nonanalytic equations of state for
the thermodynamic properties of fluids in a wide vicinity around the criti-
cal point has been pursued in a number of research centers [1,2]. In
these approaches crossover functions are introduced into the equations to
connect the “mean-field” or “Van der Waals” region with the fluctuation
region [1] or, conversely, from the fluctuation region to the mean-field
region [2]. Both approaches yield a description of the thermodynamic sur-
face of pure liquids with sufficient reliability in a wide region of parameters
of state. In recent years, the Thermophysical Laboratory of the Grozny
Petroleum Institute has obtained experimental density and isobaric heat
capacity data in the critical region of n-alkanes from CsH;, to CoHy,.
Moreover, the literature provides a number of quite reliable experimental
data for the thermodynamic properties of the x-alkanes from CH, to
C,H,,. Hence, we believed it desirable to test the appliability of the
approaches mentioned above to a group of substances and also to study
the possibility of developing a generalized scaled equation of state for
n-alkanes.

! Grozny Petroleum Institute, Revolution Prospect 21, Grozny 364051, USSR.
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2. EXPERIMENTAL DATA BASE

To analyze the application of the existing nonanalytic descriptions of
the thermodynamic properties in the critical region, experimental P, p, T,
C,, C,, and C, data were used. Table I reviews the information. References
7-13 give the techniques of measuring the density p, the heat capacity at
constant volume C,, the heat capacity at constant pressure C,, and the
sound velocity C, of methane, ethane, propane, and sn-butane and also the
accuracy of the measurements.

The measurements of the density and the isobaric heat capacity of
n-pentane, n-hexane, n-heptane, n-octane, and n-nonane have been obtained
in the Thermophysical Laboratory of the Grozny Petroleum Institute at
temperatures from the triple point to the dissociation temperatures and at
pressures from 0.1 to 150 MPa for p and to 60 MPa for C, [19-23]. The
investigations covered the liquid and gaseous regions, the two-phase
region, and the critical region.

The density was obtained with a constant-volume piezometer with
an error of 0.05-0.07% at p>2p,, 007-0.1% at 2p.,>p>0.8p., and
0.1-0.2% at p <0.8p,. The error of the pressure measurements is 0.05%;
that of the temperature measurements is 0.02 K. The heat capacity at con-
stant pressure was measured with an adiabatic flow calorimeter with an
error of +0.35% in the liquid state (far from the critical region) and with
an error from 5 to 15% in the critical region; the temperatures differences
varied from 0.3 to 0.6 mK and the absolute temperatures were measured
with an error of 0.02 K. Pressures were measured with an error in the range
from 0.06 to 0.1%. References 19-23 contain detailed descriptions of
experimental apparatus and measurement techniques.

3. THE EQUATION OF STATE

A tentative analysis of the experimental data on the thermodynamic
properties of the homological series of n-alkanes showed that it is not yet
expedient to use a crossover scaled equation of state [1, 2], which is rather
complicated, but a simpler asymptotic scaled parametric equation of state
{4, 5]. These equations incorporate the leading nonasymptotic and asym-
metric corrections and, in addition, contain fewer nonuniversal parameters.
At the same time, the region of validy remains sufficiently large:
0.65<p/p.<14 and T,<T<1.1T, for the equation used by Levelt
Sengers et al. [4] and 0.65< p/p.< 1.4 and T, < T<1.2T, for the equation
used by Kiselev [5], where T, is the liquid—vapor coexistence temperature.
After a tentative analysis, we have selected the equation of Kiselev [5].
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It is a parametric equation of the form

Au(r, 0) = ar®0(1 — 0%) + crf2+ 49 4 r + =1 J(1 + ¢, 5"0%)

+ fb20%(1 +e,b°6%)] (1)

with
t=r(1—5%-6% (2)

and
Ap=krP0— Byt (3)

Here dp=[u(p, T)—MyT)] p./P, is a reduced chemical potential
difference; t=7/T,—1 and Ap=p/p.—1 are reduced deviations of
temperature and density from their critical values; T, P,, and p, are the
critical temperature, pressure, and density; r and 8 are parametric variables
specifying the thermodynamic state; and «, 8, 6, 4, and y are universal criti-
cal exponents. The values adopted for the critical exponents are o =0.11,
p=0.325, and 4 =0.5 in agreement with the literature [4-6]; 6 =4.815 and
y=1.24 were calculated from formulas:

a+20+y=2 (4)
Bo—1)=v (5)

The constants b, e, e,, and e, are given by [5]
b*=(y—2B)/y(1 —2p) (6)
e=2y+34—1 )
e;=(5—2e)(e—p)3—2e)/3(58—e) (8)
ey =(5—2e)(e—3B)/3(58—¢) 9)

B4, k, a, ¢, d, and f are nonuniversal constants to be determined from a fit
to the experimental data.

In accordance with Eqgs. (1)-(3) the specific free energy, ie., the free
energy per unit mass, becomes

F:%[y’(r, 0)+ Do(t)+ (dp+ 1) My(t)] (10)

[+

where the regular background parts @(t) and M,(z) are approximated by
polynomials

Do(r)=—1+ ) fit' (11)

i

My(t)= 23: m;t’ (12)

i=0
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The singular part of the specific free energy consists of three parts:
g,(r> 0): Wlm(r’ 9)+ Wna(r’ 0)+ glas(ra 0) (13)

where ¥, ¥

> and ¥, represent asymptotic, nonasymptotic, and asym-
metric terms:

C lakr® 28R —1)  2B(2y—1)(1—b%0%)
Vim =3 [ 2—a T -9
+(2ﬁ—1)(1—b292)2] (14)
o
1 ckr?—ot+4 4 -
SU"a‘zzﬂu—cxM)[2—<>¢+A (1 2/3)b9} (13)
W =k +3-1p {d+% [f—2d(e—B)] b°6>
1-28 -
‘f‘m [del+f62] b0 } (16)

The resulting expressions for the pressure, the isochoric and isobaric
specific heat capacity, and the sound velocity are

5]
P=—p? (—F)T=pc[up+ 1) Au(r, 0) — ¥(r, 6)— Bo(x)]  (17)

dp
=g (F), o (), e (),
*f(%)‘(%ﬂ (18)
Cp=20Cy+ kT<%>i (19)

cszf (%)=\/ (oKn) '+ 2 (j—‘}) (20)

Here K is the isothermal compressibility determined by

_ _pe (04m\™!
Kr=p.7 <5Ap>r 21




Equation of State for n-Alkanes in the Critical Region 555

4. CONSTRUCTION OF A GENERALIZED EQUATION OF STATE

An essential point is the selection of the critical parameters. Table II
presents the values adopted for the critical temperature 7, the critical
pressure P_, and the critical density p.. The table also gives values of the
acentric factor w, used to correlate the nonuniversal coefficients of the
n-alkanes.

The construction of a generalized scaled equation of state for the
n-alkanes has been done as follows. First, the nonuniversal system-dependent
coefficients B, k, a, ¢, d, f, f1, /2, f5, and f, were determined for each
hydrocarbon with the use of Eq. (17) to approximate experimental P, p, T
data. Then a correlation analysis was performed to find the dependence of
these coefficients on the individual properties of the hydrocarbons such as
acentric factor, molecular mass, etc. A reasonable correlation was deter-
mined to be observed only for the coefficients &, a, /1, and f,. For the
remaining coefficients no systematic correlation was observed. The reason
lies probably in the fact, in practice, data in different temperature intervals
were used for different hydrocarbons. For instance, the P, p, T data, used
for methane, n-octane, and n-nonane, correspond to a narrow temperature
interval from T, to 1.06T,. In this case, the coefficients B,, d, f, f3, and f,
become statistically insignificant and it is expedient to take these coef-
ficients to be zero. As a consequence, the equation of state then becomes
simpler, although the region of validity becomes slightly smaller, in density
to 0.7<p/p. <13 and in temperature to 7, < T<1.27,. With this sim-
plified equation of state the coefficients &, a, ¢, f;, and f, were determined
onse again for each hydrocarbon. Figures 1, 2, and 3 show the coefficients
k, a, and f, as a function of the acentric factor w of the n-alkanes.

Table H. Critical Parameters and Acentricity Factors for n-Alkanes

T, P, Pe Acentric
Substance (K) (MPa) (kg-m~?) Reference factor, w
Methane 190.55  4.5992 162.66 8 0.008
Ethane 305.33 4.8714 204.48 26 0.098
Propane 369.85 4.2460 218.50 27 0.152
n-Butane 42516  3.7960 227.85 28 0.193
n-Pentane 469.55  3.3530 232.00 19 0.251
n-Hexane 507.20  3.0282 233.60 21 0.296
n-Heptane 540.10  2.7320 234.00 19 0.351
n-Octane 568.77  2.4850 234.00 24 0.394

n-Nonane 594.40 22954 234.00 25 0.444




556 Kurumov and Grigoryev

A |

(ENETN

< /'/
1

10 L

A

b LLLCLbEe

;S 4 &5 6 7 68 9

Fig. 1. The coefficient k as a function of the acentric factor w
for n-alkanes. C,, methane; C,, ethane; C,, propane, etc.

Initially, an attempt was made to construct a generalized equation of
state with the help of polynomials for all coefficients %, a, f|, ¢, and f, as
a function of w. However, the resulting generalized equation of state has
too small a range of applicability. Therefore, another approach was
adopted. The coefficients %, a, ¢, f|, and f, were investigated according to

J5 y
v
7 v
s
& % .

y|

7]

I 0 12 0 i w
L 6LELLG ¢

Fig. 2. The coeflicient a as a function of the acentric factor w
for n-alkanes. C,{i=1-9) as in the legend to Fig. 1.
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Fig. 3. The coefficient f| as a function of the acentric factor
w for n-alkanes. C,(i=1-9) as in the legend to Fig. 1.

their significance. As Figs. 1-3 show, the values of the coefficient f, are the
most correlated. This coefficient was approximated by

f,= —6.0081 —2.7291e — 7.39220> (22)

Then the values of f, calculated from Eq.(22) were substituted into
Eq. (17) and fixed. After that, the values k, a, ¢, and f, were again
calculated by fitting to the experimental P, p, T data for each hydrocarbon.
Then new coefficients a were represented by a polynomial

a=17.285+ 15.811w + 81.4882w* — 85.9680w° (23)

Calculated values a =a(w) were then introduced into-Eq. (17), fixed, and
the other coefficients, &, ¢, and f,, were determined once again from the
experimental P, p, T data. After that the same procedure was repeated in
succession for the coefficients &, ¢, and f;:

k =1.0532 + 1.8705w — 10.7976w* + 35.6773w* — 43.1991w* (24)
c= —7.621 — 14.43290 + 126.7435w> — 485.1483w> (25)
Jf>=19.2387 — 96.7404w + 790.6185w* — 2075.92c° + 2218.417w0* (26)

To determine the caloric coefficients m, and m; of the scaled equation
of state, it is necessary to represent heat capacity data or sound velocity
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data with the aid of Eq. (18), (19), or (20). In the process of determining
the coefficients m, and m; the values of the coefficients &, a, ¢, f, and f,
remained unchanged, being equal to their calculated values from
Egs. (22)-(26). It is also necessary to note that to gain the best results in
representing the experimental c, data, the experimental isobars were
corrected for some substances by a “shift” of the pressure values within the
range of total error of the P, p, T and C, measurements. The value of
“shift” was —0.007 MPa for n-pentane, 0.004 MPa for n-hexane,
0.005 MPa for n-heptane, and 0.009 MPa for n-nonane. The values m, and
m5 were represented by polynomials:

m,= —13.927+ 214.781w — 1661.369w* — 3832.47w*

+28583.960" — 34802.450)° (27)
m, = 18.697 — 1878.966w + 30047.21c2 — 160402.8»°
+3719830* — 3300230° (28)

That concluded the construction of the generalized equation of state.

Table IIl. Comparison Between Experimental and Calculated Data for n-Alkanes

Number of Range of parameters
Sub- Pro-  Refe- experimental SD,
stance perty  rence points Density, p/p. Temperature (%)
Methane PVT 7,8 144 0.7-1.4 T,-1.06T, 0.008
C, 9,10 51 0.7-1.3 T-117T, 6.00
Ethane PVT 11 6 0.8-1.21 T,-1.14T, 0.100
PVT 12 23 0.7-1.3 T,-122T, 0.195
C, 13 13 0.8-1.16 (1.0-1.08)T, 11.24
c, 14 14 0.7-1.3 (1.0-1.06)T, 192
C, 15 10 0.8-1.3 (1.0-1.08)T, 746
Propane PVT 16 20 0.78-1.2 (1.0-1.12)7, 0222
C, 17 24 0.78-1.05 (1.0-1.10)T, 834
n-Butane PVT 18 38 0.7-12 (1.0-1.20)T, 0.263
n-Pentane PVT 19 89 0.7-1.3 T,-12T, 0.237
C, 20 109 0.7-1.3 (r.o-t1n)rT, 87
n-Hexane PVT 21 172 0.7-1.3 T,-12T, 0.201
C, 22 163 0.7-1.3 (1.0-1.20)T,  6.51
n-Heptane PVT 19 38 0.75-1.25 T,-1.06T, 0.257
C, 23 53 0.7-1.3 (1.0-1.16)T, 6.12
n-Octane PVT 24 95 0.7-1.3 T,-1.06T, 0.222
C, 25 20 0.7-1.3 (1.0-1.06)T, 426
n-Nonane PVT 25 33 0.7-1.3 T,-1.005T, 0314

C 23 20 0.7-1.3 (1.0-1.05)T, 645

P
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5. DISCUSSION

Table IIT presents the results of the calculation of all thermodynamic
data used from the generalized scaled equation of state, with the coef-
ficients k, a, ¢, f1, f2, m,, and m; represented by the polynomials (22) to
(28). As Table I1I shows, the standard deviation ¢ of the experimental P,
p, T data is in the range from 0.008 to 0.26%. The deviation of the caloric
properties is in the range from 6 to 8% with the exception of o =11.24%
for the ¢, of ethane. Noting that the deviations of the sound velocity for
ethane are 7.5% and the deviations for the heat capacity are 1.9%, we
conclude that there is some inconsistency between the ¢, data [13] and the
C, and ¢, data [14, 15].

As a result of the analysis we arrive at the following conclusions.

(i) A scaled equation of state describes the thermodynamic surface
of homological series of n-alkanes from CH, to CyH,, with errors
approaching the experimental error. Testing a generalized scaled equation
of state for higher m-alkanes is problematic, since even for n-decane the
experimental investigations in the critical and supercritical regions are
affected by thermal dissociations.

(1) The range of validity of the generalized equation of state for
n-alkanes is 0.7 <p/p.<1.3 in density and 7, to 1.27, in temperature.
Figure shows this range of validity in terms of reduced variables T/T, and
p/Pe-

12 NN

& N
%/.0 N\
08 N

>

ZRN
gel 7 1 T
o2

/%

Fig. 4. The range of validity of the generalized scaled
equation of state for n-alkanes in the terms of reduced
variables T/T, and p/p..
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According to the modern theory of critical phenomena the behavior of
substances with different molecular structures in the critical region should
be universal. The analysis carried out confirms this theory for a group of
fluids with regular structure. It is interesting to use the obtained generalized
equation for the description of thermodynamic properties of other classes
of hydrocarbons. This analysis is difficult to do due to the absence of
experimental data for the separate homological series. Besides n-alkanes,
the thermodynamic propertics of aromatic hydrocarbons have been
investigated in detail [30,31]. We have tested the application of the
obtained gencralized equation for the description of the thermodynamic
properties of benzene, toluene, metha-, ortho-, and para-xylenes, and
ethylbenzene in the critical region using the same equations [(22) to (28)]
for the system-dependent coefficients as a function of w. Table IV presents
the basic information for these hydrocarbons and the results of comparison
of the calculated values with experimental values. Table I'V shows that the
error of description of P, p, T data is about 0.2% as for the n-alkanes,
while the error in the heat capacity ¢, is even lower. The exception is ortho-
xylene, for which ¢ = 13%. The obtained representation of the properties of
aromatic hydrocarbons is rather satisfactory.

We can say in conclusion that the analysis carried out in this work
confirmed the validity of a universal generalized scaled equation of state
and showed the fundamental possibility to construct a generalized equation
of state which is valid for various homological series of hydrocarbons.
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